ABSTRACT Direction of arrival (DOA) estimation of quasi-stationary signals (QSS) is discussed in this paper, and an algorithm using unfolded coprime array is proposed. Coprime array consists of two uniform linear subarrays with coprime relationship, and the two subarrays of the unfolded coprime array in this paper are arranged along the positive axis and negative axis, respectively. Through the vectorization of the low dimensional cross-covariance matrix and the further exploiture of the non-circularity within the second-order statistics of QSS, 2MN-1 degrees of freedom can be achieved with M+N physical elements. The uniqueness of the DOA estimation based on the non-continuous virtual elements generated from the unfolded coprime array is proved, and unitary polynomial root finding technique is employed to estimate the DOA. The proposed algorithm has low complexity, and it can obtain better DOA estimation performance and handle more sources than Khatri-rao subspace approach and original coprime array-based method. Simulation results verify the effectiveness of the proposed approach.
I. INTRODUCTION
Direction of arrival (DOA) estimation is an important issue for array signal processing, which has been applied in many fields including radar, sonar, wireless communication systems and so on [1] - [4] . Many useful DOA estimation methods have been established, such as the well-known multiple signal classification (MUSIC) method [1] , estimation of signal parameters via rotational invariance technique (ESPRIT) [5] and their derivative algorithms [6] - [10] . All these methods are proposed for the stationary signals.
In real-world applications such as those for speech and audio, there are signals that are nonstationary but can be modeled as quasi-stationary signals (QSS), whose second-order statistics remain stationary over a short period of time and vary from one time frame to another [11] . DOA estimation of QSS based on Khatri-Rao (KR) subspace approach has been proposed in [11] , which exploits the concept of KR product to extend array aperture. Thereafter, ESPRIT was applied in the KR subspace to reduce the computation complexity [12] , and KR concept was extended to L-shaped array [13] and uniform circular array [14] for DOA estimations of QSS, respectively. However, the adoption of conventional compact array makes them hard to achieve large degrees of freedom (DOF), which has direct influences on the DOA estimation performance and the maximum number of identifiable sources. Furthermore, the small inter-element spacing of the compact array can bring in mutual coupling problem, which may degrade the DOA estimation performance seriously [15] .
By adopting two sparse uniform linear arrays (ULAs) with coprime inter-element distances and antenna numbers, coprime array can obtain large DOF without the influence of mutual coupling problem [16] , and the two subarrays can also be used separately to achieve high resolution parameter estimation uniquely [17] - [19] . Coprime array has been applied in acoustic signal processing to achieve narrower beam with fewer sensors than conventional arrays [20] - [21] , and these authors have experimentally validated the coprime theory. Coprime array has also been applied in radar for high resolution target localization [22] . To obtain more continuous virtual elements, augmented coprime array (ACA) which doubles the antenna number of one subarray was proposed in [23] , and coprime array with displaced subarrays (CADiS) based on the ACA was developed to enlarge the inter-element spacing and aperture [24] . However, they obtain the large DOF via the KR representation of the full covariance matrix, which suffers from the noise influence. Additionally, large numbers of overlapped virtual elements cause the DOF reduction.
In this paper, we improve the structure of original coprime array, and the two subarrays are arranged along the positive axis and negative axis, respectively. With M +N physical elements, the unfolded coprime array can achieve 2MN-1 DOF, while the coprime linear arrays as in [20] - [21] originally proposed in [16] achieve about MN DOF (may be a little larger, refer to the simulation section for details). The enlarged DOF can improve the DOA estimation performance but also increase the computation complexity. Therefore, we use the KR representation of the low dimensional cross covariance matrix, which can also reduce the influence of noise additionally. Then the virtual array aperture is furtherly extended by realizing the non-circularity of the second-order statistics. Finally, the DOA estimation is obtained by applying unitary polynomial root finding (PRF) technique without any peak searches. The uniqueness proof of DOA estimation based on the non-continuous virtual elements is derived. Compared to KR MUSIC method [11] and original coprime array based method [16] , the proposed approach can achieve much larger DOF, which can lead to better DOA estimation performance and more identifiable sources.
Notation: (.) T , (.) * , (.) H and (.) −1 denote the operators of transpose, conjugate, conjugate-transpose as well as inverse, respectively. diag(v) stands for a diagonal matrix whose diagonal element is a vector v. I K is a K × K identity matrix. ⊗ and • represent the Kronecker product and KhatriRao product, respectively. E[.] means expectation and vec(.) stands for vectorization. angle(a) means the phase ofa, and Re(a) means the real part of a.
The rest of the paper is organized as follows. Section 2 develops the data model and the structure of unfolded coprime array for DOA estimation. Section 3 shows the detailed steps of the proposed DOA estimation method as well as some analysis. The simulation results are presented in Section 4 to verify the effectiveness of the proposed method, while the conclusions are made in Section 5. Fig.1 shows the structure of original coprime array for DOA estimation. Subarray 1 has N elements with Md being the inter-element spacing and subarray 2 has M elements with Nd being the inter-element spacing. M and N are coprime integers, and d denotes the unit spacing, which is generally set as half-wavelength. The two subarrays are both arranged along the positive axis with their first elements being the reference points. Other coprime array based structure like the ACA in [23] needs to double the antenna number of subarray 1 (suppose N < M ), and the CADiS in [24] separate the extended subarray 1 and subarray 2 with a proper distance to achieve large inter-element spacing and array aperture. In this paper, we use an unfolded coprime array shown in Fig.2 , where the two subarrays of the original coprime array are aligned along the positive axis and negative axis, respectively.
II. DATA MODEL
Assume that there are K uncorrelated far-field signals impinging on the array, then the outputs of the two subarrays in Fig.2 can be expressed as
where
are the direction matrices for subarray 1 and subarray 2, respectively. θ k is the DOA of the kth target with respect to the array normal. a 1 (θ k ) and a 2 (θ k ) respectively represent the steering vectors corresponding to the k-th target, and they are expressed as
and n 2 (t) are zero-mean and wide-sense stationary noise vectors, which are uncorrelated to each other and independent to the source signals.
T denotes the zero-mean signal vector, which is modeled as a quasistationary process. QSS satisfy wide-sense stationary within a frame length L,
where p is the frame index. Eq.(3) means that the secondorder statistic of QSS is time-varying but remains static over a short period of time.
III. DOA ESTIMATION OF QSS USING UNFOLDED COPRIME ARRAY
In this section, DOA estimation using unfolded coprime array structure shown in Fig.2 is discussed, and the DOA estimation algorithm has four major steps including KR representation of cross covariance matrix, array aperture extension, unitary transformation and PRF based DOA estimation.
A. KR REPRESENTATION OF CROSS COVARIANCE MATRIX
According to Eq.(1)-Eq. (3), the cross covariance matrix between the two subarrays of the p-th frame is constructed
is the diagonal signal covariance matrix of the p-th frame. The employment of cross covariance matrix in Eq. (4) can not only eliminate the noise effect but also reduce the computation complexity when compared to the situation using full covariance matrix. Based on the property of KR product [11] , [23] , the vectorization of the cross covariance matrix in Eq. (4) can be expressed as
where 
The new virtual array has no overlapped elements (see the proof in [16] ), so it can achieve MN DOF, while the original physical model in Eqs. (1)- (2) can achieve only M + N DOF. Although the virtual elements are not continuous (i.e. there are holes in the virtual array), the DOA estimation is unique (the uniqueness of the DOA estimation is proved in appendix and will be verified by the simulation results).
Construct the cross covariance matrices of all P frames, and collect the corresponding vectorization forms,
is the new signal matrix, which is formed by the real-valued second-order statistics. Therefore, the new virtual signals perform like non-circular signals, whose non-circularity can be exploited to further extend the array aperture.
B. ARRAY APERTURE EXTENSION BASED ON NON-CIRCULARITY
The conjugate of the data in Eq. (7) is
Then we reveal the advantage of the unfolded coprime array below. The virtual elements corresponding to the direction matrix A are all located on the positive axis, and this means that the virtual elements corresponding to its conjugate (A * ) are all located on the negative axis. Therefore, the virtual elements corresponding to direction matrices A * and A are not overlapped (except for the reference point). Fig.3 shows the virtual array structures corresponding to A * and A when M = 2, N = 3. Consequently, the finally achieved DOF is MN + MN − 1 = 2MN − 1. As shown in Fig.3 , although the virtual array has holes, the DOA estimation is unique due to the coprime-ness within the array. Compare to the physical array in Fig.2 , the virtual array in Fig.3 achieves larger DOF, which can improve DOA estimation performance and increase identifiable sources. Besides, the virtual array is symmetric, which means that the unitary transformation [25] can be applied to reduce the computation complexity.
Use (Y) * S ∈ C (MN −1)×K to denote the data matrix after removing the data corresponding to the overlapped reference element in Y * , and define the final extended output as
where A * S ∈ C (MN −1)×K is the direction matrix after removing the overlapped reference element in A * (shown in Fig.3 ), and
×K is the final extended direction matrix, where the reverse identity matrix MN (MN × MN ) is used to make A E conjugate symmetric for the adoption of unitary transformation in the next section. Till now, the final data with 2MN-1 DOF is achieved, and the direction matrix A E is conjugate symmetric, which means that the data in Eq. (9) can be transformed into real-valued one to further reduce the complexity. 
Then the real-valued output can be obtained via
Due to the conjugate symmetric property of A E , Q H 2MN −1 A E is a real-valued direction matrix, which can reduce the computation complexity of singular value decomposition (SVD) required by the PRF technique shown below.
D. PRF BASED DOA ESTIMATION
Based on the extended and real-valued data in Eq. (11), MUSIC based method [1] , [11] can be employed to estimate the DOA now. Perform SVD of Z r to obtain the noise subspace E n , which is composed of the left singular vectors associated with the (2MN − 1 − K ) smaller singular values. Then the peak search function is
Through the peak search in Eq. (12), K main peaks can provide the DOA estimations. However, the peak search involves heavy computation burden. PRF technique is usually used instead of peak search for ULA to reduce the complexity [7] . For the search function in Eq.(12), although the virtual array (shown in Fig.3 ) is non-uniform and has holes, the PRF technique can also be applied due to the uniqueness of DOA estimation. Let z = e jπ sin θ , then the steering vectors of the two subarrays shown in Fig.2 are expressed as
respectively. Thereafter, the column of A is a(z) = a * 1 (z)⊗a 2 (z), and the column of A * S is a S (z) = (a * (z)) S , where (a * (z)) S means to remove the overlapped reference element in a * (z). The final steering vector a E (z) can be expressed in z-form as
Then the DOA can be estimated via the PRF shown below
As the virtual array has holes, the order of the polynomial in Eq. (14) is not continuous, and some polynomial coefficients are equal to zero. However, the DOA estimation from Eq. (14) is unique due to the unique steering vector demonstrated in section III-A. Finally, K roots that are nearest to the unit circle are selected to provide the DOA estimations,
whereẑ k , k = 1, . . . , K denote the obtained K roots.
Remark 1: Ideally, the cross covariance matrix in Eq.(4) can eliminate the influence of noise due to the noise independence between different antennas. However, the cross covariance matrix is actually estimated via L samples, i.e.
, so the final real-valued data is actually obtained via
E. SUMMARIES OF THE ALGORITHM
The major steps of the proposed DOA estimation algorithm for QSS can be summarized as follows: 1) Construct and collect cross covariance matrices between the two subarrays of all P frames to form data matrix Y in Eq. (7). 2) Extend the data matrix to Z in Eq.(9) based on the noncircularity of new signal matrix. 3) Transform the extended data into real-valued one Z r via unitary transformation in Eq.(16). 4) Perform SVD of Z r to obtain E n , and achieve DOA estimation via PRF in Eq. (14) and Eq.(15). Compared to KR MUSIC in [11] and original coprime array based (will be abbreviated as ''OCAB'' below) method in [23] , the advantages of the proposed algorithm can be summarized as:
1) The proposed algorithm uses unfolded coprime array, while the KR MUSIC uses compact ULA. The proposed algorithm can reduce mutual coupling influence with large inter-element spacing.
2) The KR MUSIC and OCAB method both calculate the full covariance matrix, which is high-computational and influenced by the noise, so an additional noise elimination procedure is required [11] . The proposed method uses the low-dimensional cross covariance matrix and requires no additional noise elimination procedure, so it can save computation resource.
3) The final data of the proposed algorithm is real-valued due to the unitary transformation, so it can further reduce the complexity when performing SVD. 4) Large numbers of the generated virtual elements in KR MUSIC and OCAB method are overlapped, which causes the DOF loss. The virtual array of the proposed algorithm has no overlapped elements (except for the reference one), so the proposed method can achieve larger DOF than the KR MUSIC and OCAB method (will be verified in the simulations below). Use u to denote the search steps within the search range, then KR MUSIC and OCAB method mainly require about 3 + u(MN + 1)(MN − K )) complex multiplications, respectively. Meanwhile, the proposed method requires about O(MNLP + 2(MN ) 3 + 2MN (2MN − K − 1) + 2MN − M − N ) complex multiplications. So the proposed method generally has lower complexity than KR MUSIC and OCAB method. Table 1 shows the complexity comparison with typical parameters (M = 3, N = 4, L = 256, P = 50, K = 10, u = 180), and it is shown that the complexity of the proposed method is approximately 5 times smaller than those of the other two methods.
IV. SIMULATION RESULTS
The root mean square error (RMSE) of the DOA estimation is defined as Although the proposed method estimate the DOA via PRF without peak search, the DOA estimation spectrum obtained via Eq. (12) is shown in Fig.5 to verify the uniqueness of the DOA estimation, and the signal to noise ratio (SNR) is 10dB. The dashed lines mark the real DOAs, and the peaks that coincide with the dashed lines in Fig.5 indicate that the proposed algorithm can uniquely and clearly determine the DOA and is robust to the non-uniform and asynchronous frame lengths shown in Fig.4 . It should be noted that the linear amplitude spectrum is used instead of the logarithmic amplitude spectrum to avoid the indication of side lobes, which generally occur in coprime array applications [22] due to the influence of noise and finite samples (and also the non-uniform and non-synchronized frame lengths of quasi-stationary signals in this paper). Side lobes can be drastically reduced if the signal frequency content is somewhat broadband in nature (see [20] for details). Based on the QSS shown in Fig.4 and the usage of same number of sensors, we compare the proposed algorithm against KR MUSIC and OCAB method, which both apply an additional noise elimination procedure to reduce the noise effect [11] . Fig. 6 presents the generated virtual arrays and the corresponding DOF comparison with current configuration, and it is indicated that the proposed algorithm achieves the largest DOF. With the measurement of RMSE, Fig.7 shows the DOA estimation performance comparison between the algorithms. The proposed algorithm performs better than KR MUSIC and OCAB method due to the obtained large DOF. The choosing frame length is L = 512, and P = 100 frames are collected). It is indicated from Fig.8 that the proposed algorithm still outperforms other methods, and all the algorithms have performance improvement compared to those shown in Fig.7 . The reduction of the source number can reduce the interference between the sources. Meanwhile, when L and P increase, the cross covariance matrix R p and noise subspace E n will be more accurate, which can lead to better DOA estimation results. Fig.9 shows the DOA estimation results of the proposed algorithm when there are large numbers of sources (SNR = 10 dB). K = 18 sources, which beyond the handling capacity of KR MUSIC and OCAB method, can be clearly and accurately estimated by the proposed algorithm. As the sources have different powers and the estimation errors have direct relation with specific angles [7] , DOA estimation spectrum shows different amplitudes for each source in Fig.5 and Fig.9 (see [11] , [16] , [23] - [24] ).
V. CONCLUSIONS
In this paper, we have presented a direction of arrival (DOA) estimation algorithm for quasi-stationary signals (QSS) using an unfolded coprime array. The algorithm exploits the KhatriRao (KR) representation of cross covariance matrix and the non-circularity within the second-order statistic of QSS to achieve 2MN-1 degrees of freedom (DOF) via only M + N physical sensors. The large DOF can improve the DOA estimation performance, but may also increase the computation complexity. Therefore, unitary transformation is used to transform the data into real-valued one, and polynomial root finding (PRF) technique is extended to non-uniform virtual array to reduce computation complexity more. The uniqueness of the DOA estimation is proved and is verified by simulations. The proposed algorithm requires no additional noise elimination procedure, and it has better DOA estimation performance than KR multiple classification (MUSIC) and original coprime array based (OCAB) method. one true DOA, thus the false angle will also provide a peak in Eq. (12) . As the scaling can be eliminated via the first element of the steering vector (equal to 1), then the false angle has the same steering vector as that of the true angle,
where θ is the true DOA and θ = θ is the false angle, and Eq.(A1) uses the steering vector after KR representation. Reshape both sides of Eq.(A1) into M × N matrices, then
After the normalizations of the columns in the matrices, then the result concluded from Eq.(A2) is
Similarly, after the normalizations of the rows, then Eq.(A2) gives another result
The results in Eqs.(A3)-(A4) are simultaneously obtained via Eq.(A2), and they obviously against the coprime-ness between the two subarrays( i.e. Property 1), so θ is non-existent.
VII. High-Rank Situation
Here we continue to consider the high-rank situation, which means the steering vector corresponding to the false angle can be expressed as a linear combination of several true steering vectors.
where θ v, v = 1, ..., V are the true angles and the number V ≤ K . Similar with those derivations in Eqs.(A2-A4), then we can obtain the following results
For natural base e, we can always find angles α v and γ 1 , which satisfy e −jM π sin θ v = e −jπ sin α v and e −jM π sin θ = e −jπ sin γ 1 , then the steering vectors can be transformed as
Eq.(A7.a) and Eq.(A7.b) can be regarded as steering vectors corresponding to a conventional compact array (inter-element spacing is half-wavelength) with DOAs being α v and γ 1 , respectively. Then we continue to consider two different cases. 
Substitute Eq.(A8) into Eq.(A6), the same contradiction as described in situation 1 will be achieved, so θ is non-existent. Recall that a 2 (θ v1 ) = a 2 (θ v2 ), whose equivalent compactarray form is a 2 (β v1 ) = a 2 (β v2 ). So c v 1 or c v 2 must be equal to zero for the reason that these is no ambiguity problem for conventional compact array. Let c v 2 = 0, then
Substitute Eq.(A12) into Eq.(A6), the same contradiction as described in situation 1 will be achieved, so θ is non-existent.
